ABSTRACT In this paper, a decentralized sampled-data tracking controller design technique for Takagi-Sugeno fuzzy interconnected systems is proposed. The overall large-scale system is assumed to consist of fuzzy subsystems with unknown but norm-bounded interconnections. This paper focuses mainly on the design of a sampled-data decentralized model reference tracking controller based on the exact discretization approach, by which the resulting large-scale error dynamics becomes asymptotically stabilized with a predefined H-infinity performance criterion. To this end, we first design a continuoustime decentralized tracking controller based on the proposed design technique. After that, by using the discrete-time fuzzy Lyapunov function, the proposed design technique is extended to cover a sampled-data tracking controller design. The proposed controller design techniques are formulated in terms of linear matrix inequalities. Finally, numerical examples are given to show the effectiveness of the proposed methods by comparing them with other methods.
I. INTRODUCTION
The Takagi-Sugeno (T-S) fuzzy-model-based control is a successful approach to the systematic design and analysis of nonlinear control systems [1] - [3] . Based on the sector nonlinearity concept [4] , the T-S fuzzy model represents a smooth nonlinear system as a convex summation of linear subsystems using membership functions. This particular structure allows us to systematically analyze nonlinear systems. Therefore, a number of studies have been performed to solve various nonlinear control problems, and the most of studies only have focused on a single T-S fuzzy system. However, we observed that it is difficult to model many physical control systems (such as power network control systems, industrial processes, and communicational links) into a single model structure because they generally have large dimensions or are interconnected to other systems [5] - [7] . Representing these large-scale systems as a mutual combination of subsystems facilitates system analysis. Because of their high dimensionality and interconnections, decentralized control techniques have been widely employed. Among various approaches, the most powerful approach is the T-S fuzzy-model-based decentralized control technique. Thus, studies on the design of a decentralized fuzzy controller for interconnected fuzzy systems have been actively carried out such as [8] - [17] . Most of these, however, only focus on the interconnected systems with known interconnection terms. Although there exist some papers dealing with the uncertain interconnection problems [18] - [20] , research on handling this is still insufficient, which is the first motivation of this paper.
In addition, the model reference tracking control, in which a state vector of a control system traces that of a given stable reference model, is a popular issue in many practical applications [21] - [25] . There have been a number of studies concerning the tracking control of a single fuzzy control system. Most of these, first, construct an augmented system that consists of both the state vectors of a control system and its reference model [21] - [23] . However, doing this increases the dimensions of the overall control system, which also increases the computational complexity of the resulting stabilization condition. Thus, the resulting condition is numerically conservative. As an alternative to this approach, some studies design a tracking controller by considering unmodeled terms as a disturbance affecting the error dynamics model (see [24] and [25] ). However, this method neglects information about unmodeled terms, which causes degradation of the control performance. Therefore, it is required to derive a tracking control technique that is not based on either the augmented system or the disturbance approaches, which is the second motivation of this paper. Moreover, research on the decentralized tracking control of interconnected fuzzy systems is surprisingly insufficient.
Apart from the above issues, there has been also growing interest in researching the sampled-data control, in which a continuous-time system is controlled by a discrete-time controller [26] . The sampled-data control of T-S fuzzy systems is classified into the input delay and discretization approaches. In the input delay approach, a given sampled-data control system is cast as an equivalent continuous-time input delay system, and its stability is analyzed in the continuous-time domain [27] - [31] .
By contrast, in the exact discretization approach, a sampled-data control system is first exactly discretized, and its stability is analyzed in the discrete-time domain [32] - [34] . Owing to its simplicity, the exact discretization approach has gained much interest in recent years. Many studies, however, have been carried out based on a common quadratic Lyapunov function that consists of a single quadratic Lyapunov function. Using this Lyapunov function brings a conservative stability condition because a single Lyapunov function has to guarantee the stability of all fuzzy rules. To solve this problem, in [32] , a discretetime fuzzy Lyapunov function-based sampled-data stability condition was proposed using the non parallel-distributedcompensation (PDC) controller design scheme [38] , which increases the controller implementation cost. However, it is not easy to derive a stability condition based on a linear matrix inequality (LMI) under the PDC-based control design scheme because of the complex structure of the fuzzy Lyapunov function [35] - [37] . Therefore, the need for PDC-based sampled-data tracking controller design technique using the exact discretization method with a discretetime fuzzy Lyapunov function is high, which is the last motivation of this paper.
Motivated by the above discussions, in this paper, a PDC-based decentralized sampled-data tracking controller design technique for T-S fuzzy interconnected systems is proposed. The large-scale system concerned in this paper is assumed to be composed of several fuzzy subsystems with unknown interconnection terms. The main focus of this paper is to provide an LMI-based sufficient condition that guarantees a sampled-data decentralized H ∞ tracking performance criterion based on the exact discretization method with a discrete-time fuzzy Lyapunov function. Moreover, we do not construct an augmented system, from which resulting condition can be computationally relaxed. To simply show the main idea of the proposed design technique, we first provide a continuous-time decentralized tracking controller design method. After that, by using the discretetime fuzzy Lyapunov function, the proposed design technique is extended to cover the sampled-data tracking controller design. Finally, the effectiveness of the proposed method is validated through the numerical examples by comparing them with other methods.
Notations:
represents the maximum eigenvalue of a matrix function X T l (t)X l (t) for all time t. For a positive scalar n, I n represents an integer set {1, 2, . . . , n}. 
II. DECENTRALIZED TRACKING CONTROL OF LARGE-SCALE FUZZY SYSTEMS
To clarify the main idea of the proposed design technique, in this section, we derive a design method for PDC-based continuous-time decentralized tracking control of large-scale fuzzy systems. First, consider a large-scale fuzzy system with unknown interconnections that consists of the following fuzzy subsystems:
where l ∈ I N ; N represents the number of subsystems; x l (t) ∈ R n l and u l (t) ∈ R m l are the state and input vectors of the lth subsystem, respectively; x(t) = col{x 1 (t), x 2 (t), . . . , x N (t)} is the whole state vector of the interconnected system;
l ∈ R n l ×m l are the system and input matrices of the lth subsystem, respectively; w i l x l (t) ∈ R [0, 1] with i ∈ I r is the ith scalar membership function for the lth state vector x l (t); r represents the number of the fuzzy rules for each subsystem; and h l x(t) ∈ R n l represents an unknown interconnection between each subsystems, and is a piecewise continuous vector function satisfying the following assumption:
Assumption 1 [18] - [20] : The function h l x(t) is an unknown time-varying vector function satisfying the following inequality: [21] . VOLUME 5, 2017 In this paper, the lth subsystem (1) is driven to trace the given lth reference model of the following form:
where x r l (t) ∈ R n l is the state vector of the lth reference model; A r l ∈ R n l ×n l and B r l ∈ R n l ×m l are the asymptotically stable system and input matrices of the lth reference model, respectively; and r l (t) ∈ R m l is a known bounded integrable function and is the lth reference signal. Moreover, x r (t) := {x r 1 (t), . . . , x r N (t)} and r(t) := {r 1 (t), . . . , r N (t)}. Now, by defining the lth tracking error vector as e l (t) = x l (t) − x r l (t), we introduce the following PDC-based continuous-time decentralized tracking controller:
where
is the control gain matrix to be determined.
By substituting (4) into (1), we havė
Then, the dynamic behavior of the lth error vector becomeṡ (6) where l (t) = A l (t) − A r l ; and
The design objective of this section is summarized in the following problem:
Problem 1: For a given positive scalar α l with l ∈ I N , find the continuous-time decentralized control gain matrix such that 1) 1) the equilibrium of the whole tracking error dynamics (6) is asymptotically stable when h l x(t) = 0 and r l (t) = 0; 2) the following H ∞ criterion is satisfied with minimized γ , under the zero initial condition:
where t f ∈ (0, ∞) is the termination time of the control; Q = diag{Q 1 , . . . , Q N } with Q l ∈ R n l ×n l and l ∈ I N is the given positive scalar matrix; and γ ∈ R >0 is a given positive scalar. The following theorem gives the LMI-based sufficient condition achieving the objectives given in Problem 1:
Theorem 1: For a given positive scalar α l , the error dynamics (6) 
where 
(11) Proof: Consider the following continuous-time Lyapunov function:
where V l (t) = e T l (t)P l e l (t) and P l ∈ R n l ×n l with l ∈ I N is the positive definite matrix to be determined.
Then, the time derivative of V l (t) along (6) becomeṡ
From the well-known matrix inequality [39] ,
where X and Y are any matrices of appropriate dimensions and σ is a positive scalar, the last term of (13) is majorized by
From (13) and (15), we obtaiṅ
Now, to guarantee the H ∞ criterion given in (7), adding the following:
into (16) on both sides, we havė
Moreover, from Assumption 1, we can further majorize (17) as follows:
Now, assume that the following holds:
then the negative definite of (18) is guaranteed by the following matrix inequality:
which holds if and only if
from the Schur complements.
On the other hand, from (19)- (21), we obtain
and σ
Now, by substituting (24)- (26) into (23), we have
By applying the congruence transformation to (27) with diag{P
where the definition of˜ ij l with (i, j, l) ∈ I 2 r × I N is given in (10) . From this, we have the LMIs of (8)- (9) , and it guarantees thaṫ (29) holds; and hence,V l (t) is negative definite under h x(t) = 0 and r l (t) = 0. In addition, x r l (t) → 0 when r l (t) = 0 because the reference model is asymptotically stable.
On the other hand, by summing (29) from l = 0 to l = N , and integrating it from t = 0 to t = t f under the zero initial condition, we have
Thus, we conclude that if LMIs (8)- (9) hold, then the design objectives given in Problem 1 are satisfied. This concludes the proof.
Remark 2: Because the reference model is pre-designed to be asymptotically stable, if e(t) is asymptotically stable, h l x(t) = 0 and r(t) = 0 guarantee x r (t) → 0 and e(t) → 0, which is the condition 1 of Problem 1. Moreover, because of x(t) = e(t) + x r (t), we know that the overall state x(t) is asymptotically stable when x r (t) → 0 and e(t) → 0.
Remark 3: The main differences between the proposed approach and the existing tracking control design methods are as follows: In the most of the paper, the augmented system dynamics is employed. For example, (see [21] for more details)
.
Therefore, the dimension of the system dynamics is increased from n to 2n. However, in this paper, we directly analyze the stability of the error dynamics whose dimension is n. Moreover, the unknown interconnection h x(t) is also effectively handled. These mentioned advantages come from the matrix inequality (14) and norm equalities (24)-(26). In the next section, we extend the proposed design technique to cope with the sampled-data decentralized tracking control problem.
The controller designed by Theorem 1 guarantees the tracking performance with the asymptotic stability. To further improve the tracking performance, the following provides the LMI-based optimization problem that further guarantees the exponential stability of e(t) under the same condition with 
then, the error dynamics (6) satisfies the decentralized tracking control problem given in Problem 1 with the exponential stability satisfyingV (t) + 2ρV (t) ≤ 0 when r l (t) = h l x(t) = 0.
Proof: By adding 2ρV l (t) on both sides of (13), one can easily obtain the condition based on Theorem 1. Moreover, by the fact thaṫ
we conclude that the resulting condition satisfies Problem 1 with the exponential stability. Before finishing this section, we provide the following numerical example in order to validate the effectiveness of our approach:
Example 1: Consider the following fuzzy interconnected system that represents a double-inverted pendulum system connected by a spring [18] : (30) where l ∈ I 2 ; (30) , please see [18] . For all cases, the reference model is constructed as follows: 
III. DECENTRALIZED SAMPLED-DATA TRACKING CONTROL VIA THE EXACT DISCRETIZATION METHOD
In the past section, we introduced the proposed decentralized tracking controller design technique for the continuoustime interconnected fuzzy system with the unknown interconnections. In this section, the proposed design technique is extended to cover the sampled-data tracking control problem.
To begin, the PDC-based sampled-data decentralized fuzzy tracking controller is introduced as follows:
for t ∈ [t k , t k+1 ), where t k = kh with k ∈ Z ≥0 represents the kth sampling time; h ∈ R >0 denotes the constant sampling period;
is the sampleddata control gain matrix to be determined; and u l (t) = u l (t k ) for t ∈ [t k , t k+1 ) means that the control signal is a zero-orderhold signal between the sampling times.
By substituting the sampled-data controller (33) into the subsystem dynamics (1), we havė
Similar to the procedure in Section II, the error dynamics becomes as follows: (35) where l (t) = A l (t) − A r l ;ē(t) = e(t) − e(t k ); and
Now, we derive the exactly discretized model of (35) as follows:
Before proceeding, we introduce a proposition and some lemmas required in this section.
Proposition 1: The equilibrium of the error dynamics (35) is asymptotically stable, whenever its exact discretized model (36) is asymptotically stable under h l x(t)
Proof: Letting h l x(t) = 0, t = τ , and r l (t) = 0 for l ∈ I N , and fromē(t) = e(t) − e(t k ), the error dynamics (35) becomeṡ
By solving the differential equation (37) , and taking the norm on both sides, we have
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For simplicity, we employ the following notation:
Based on (39), we can rewrite (38) as follows:
Finally, an application of the Gronwall-Bellman inequality to e l (t) constructs the following inequality:
is bounded, e l (t) → 0 if e l (t k ) → 0. This concludes the proof.
Lemma 1 [40] : Given any function vector x, matrix P = P T 0, and t 0 , t f ∈ R >0 with t 0 < t f , the following holds:
Lemma 2 [41] : Suppose the nonlinear systemẋ = f (t, x), where f : [t k , t k+1 ) × R n is piecewise continuous in t and locally Lipschitz in x, and the matrix P = P T 0; then, the following inequality always holds: (43) where h = t k+1 − t k for any k ∈ Z ≥0 . The design objective of this section is summarized in the following problem:
Problem 2: For a given positive scalar α l with l ∈ I N and the sampling period h, find the sampled-data decentralized control gain matrix such that 1) the equilibrium of the whole tracking error dynamics (35) is asymptotically stable when h x(t) = 0 and r l (t) = 0;
2) the following H ∞ criterion is satisfied with minimized γ , under the zero initial condition:
where t f ∈ (0, ∞) is the termination time of control; Q = diag{Q 1 , . . . , Q N } with Q l ∈ R n l ×n l and l ∈ I N is the given positive scalar matrix; and γ ∈ R >0 is a given positive scalar. To solve Problem 2, the following discrete-time fuzzy Lyapunov function is employed in this paper:
l ∈ R n l ×n l is the positive definite matrix to be determined.
The following theorem provides the proposed design technique for achieving Problem 2 based on the discrete-time fuzzy Lyapunov function:
Theorem 2: The error dynamics (35) (56) Proof: The time difference of the lth Lyapunov function (46) is as follows:
On the other hand, the exactly discretized model of the error dynamics (35) is represented by
Now, by substituting (58) into (57), we have
By adding the following null term into (59):
l ∈ R n l ×n l is a positive definite matrix to be determined, we can rewrite (59) as follows:
By further applying Lemma 2 to the last term of (61), it is majorized by
Moreover, from Lemma 1, we know that the following holds:
then, the negative definite of (69) is guaranteed by the following matrix inequality:
and the definition of F l (τ, t k , t k+1 ) is given in (72) shown at the top of this page. Now, applying the Schur complements on from which, we obtain x 1 (t k ) − 0.01π ≤ x 1 (τ ) ≤ x 1 (t k ) + 0.01π.
Now, we can numerically determine φ j l for (j, l) ∈ I 2 × I 2 satisfying (88) under (89), and the result is φ Table 3 . To highlight the outstanding performance of our method, the performance index for the conventional method [24] under the same configuration was also measured, and is given also in Table 3 . Because the method proposed in [24] is based on the single fuzzy system, we separately designed each controller for each subsystem. From the results, we can clearly see that the proposed method gives better performances than the other.
Especially, at α l = 1, we have the following gain matrices using Theorem 2: Figure 1 and Fig. 2 show the time responses of e(t) and u(t) for α l = 1, respectively. As can be seen from the figures, the control system designed by the proposed method traces the given reference model much more closely than that designed by the conventional method [24] .
V. CONCLUSIONS
In this paper, we presented the decentralized sampled-data tracking controller design techniques for T-S fuzzy interconnected systems. The system handled in this paper is composed of several fuzzy subsystems with unknown interconnections. The main focus of this paper is to design the sampleddata decentralized tracking controller using the exact discretization method. The resulting controller asymptotically stabilizes the tracking error dynamics satisfying the H ∞ performance. In Section II, we proposed a designed technique for a continuous-time decentralized tracking controller. Moreover, an LMI-based sampled-data tracking controller design method was proposed based on the discrete-time fuzzy Lyapunov function in Section III. Finally, the effectiveness of the proposed methods were validated by comparing them with other methods.
